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MAXIMUM LIKELIHOOD 
METHOD: EXAMPLE 1

Consider the random 

variable 𝑋 ∼ Poisson 𝜆  and 

the sample (0, 0, 2, 5, 3, 1). . 

Determine a maximum 

likelihood estimate of 𝜆.



MAXIMUM LIKELIHOOD 
METHOD: EXAMPLE 1

Consider the random 
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Determine a maximum 

likelihood estimate of 𝜆.



MAXIMUM LIKELIHOOD 
METHOD: EXAMPLE 1

Consider the random 

variable 𝑋 ∼ Poisson 𝜆  and 

the sample (0, 0, 2, 5, 3, 1). 

Determine a maximum 

likelihood estimate of 𝜆.



MAXIMUM LIKELIHOOD 
METHOD: EXAMPLE 2

Consider the random 

variable 𝑋 ∼ Exp λ  and 

the sample (1.2, 0.5, 3). 

Determine a maximum 

likelihood estimate of λ.
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METHOD: EXAMPLE 2

Consider the random 

variable 𝑋 ∼ Exp λ  and 
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likelihood estimate of λ.



MAXIMUM LIKELIHOOD 
METHOD: EXAMPLE 2

Consider the random 

variable 𝑋 ∼ Exp λ  and 

the sample (1.2, 0.5, 3). 

Determine a maximum 

likelihood estimate of λ.
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COMPARISON BETWEEN THE 
METHOD OF MOMENTS AND 
MAXIMUM LIKELIHOOD ESTIMATORS

Method
Method of Moments

(MM)

Maximum Likelihood

Method (MLM)

Basic idea
Equate sample moments 

with population moments

Maximize the likelihood 

function

Computation Usually simpler Often more complex

Statistical properties May not always be efficient
Often efficient and 

consistent

Use in practice Useful for quick estimation Very widely used in statistics

Invariance property
Does not generally satisfy 

invariance

Satisfies the invariance

property



LECTURE 11 HOMEWORK: 
QUESTIONS AND SOLUTIONS



EXERCISE 1 A), B) AND C) 

Murteira (2015), Chapter 7



EXERCISE 1 A):  SOLUTION

 Answer:

The first population moment of order 𝑘

The first sample moment of order 𝑘



EXERCISE 1 A):  SOLUTION

 Answer:

Estimator

Estimate

Population moment of order 𝑘

Sample Moments of order k



EXERCISE 1 B):  SOLUTION

 Answer:



EXERCISE 1 B):  SOLUTION

 Answer:



EXERCISE 1 C):  SOLUTION

 Answer:



EXERCISE 5

Murteira (2015), Chapter 7



EXERCISE 5:  SOLUTION

 Answer:

Random Sample

Note:  Since E(X) does not depend on Ɵ, we will try the second moment

.



EXERCISE 5:  SOLUTION

 Answer:



EXERCISE 5:  SOLUTION

 Answer:



EXERCISE 5:  SOLUTION

 Answer:



EXERCISE 1: MLM 

Let 𝑋1, … , 𝑋𝑛be a random sample from a Normal 

distribution with parameters 𝜇 and 𝜎. Estimate the 

parameters using the maximum likelihood method.



30

ProbabilidadesEstatistica_2019 (uevora.pt)

EXERCISE 1 - MLM:  SOLUTION

https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf


31

ProbabilidadesEstatistica_2019 (uevora.pt)

EXERCISE 1 - MLM:  SOLUTION

https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf


32

ProbabilidadesEstatistica_2019 (uevora.pt)

EXERCISE 1 - MLM:  SOLUTION

https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf
https://dspace.uevora.pt/rdpc/bitstream/10174/25959/3/ProbabilidadesEstatistica2019.pdf


LECTURE 13: HYPOTHESIS 
TESTS



CONSTRUCTION OF A 
HYPOTHESIS TEST

Objectives 
and Data

Conditions of 
Applicability

Hipotheses 
and 

Significance 
Level

Test 
Statistic 

P-value / 
Critical 
Value

Decision 
and  

Conclusion



WHAT IS A HYPOTHESIS TEST?

• A hypothesis test is a statistical procedure used to make a 

decision or draw a conclusion about a population parameter, 

based on sample data.

It evaluates whether there is enough evidence to reject a claim 

(the null hypothesis) in favor of an alternative claim (the 

alternative hypothesis), using a test statistic.



WHAT IS A HYPOTHESIS?

Note:

Different null and 

alternative 

hypotheses can be 

considered 

depending on the 

parameter of 

interest, and the 

type of test is 

determined 

accordingly.

Example: The mean weight of this class is 58 kg?
Note: To test this question, we 

use a test for a population 

mean, since the parameter of 

interest is the mean.

Note: There are 

three types of 

tests for the 

mean, depending on 

the objective of the 

test: Two-tailed 

test, Right-tailed 

test and Left-

tailed test

H0: µ = 58 vs H1: µ ≠ 58 

H0: µ ≤ 58 vs H1: µ > 58 

H0: µ ≥ 58 vs H1: µ < 58 



CONCEPTS OF HYPOTHESIS 
TESTING 

Newbold et al (2013)

Hypothesis Test for a Population Mean

Note: The type of hypothesis test depends on the 

parameter of interest:

Mean → hypothesis test for a population mean

Proportion → hypothesis test for a population proportion.

Hypothesis Test for a Population Proportion



THE NULL HYPOTHESIS, H SUB 0

Newbold et al (2013)

H0: µ = 3 vs H1: µ ≠ 3 



THE NULL HYPOTHESIS, H SUB 0

Newbold et al (2013)

H0: µ = 3 vs H1: µ ≠ 3 

H0: µ ≤ 3 vs H1: µ > 3 

H0: µ ≥ 3 vs H1: µ < 3 

Examples:



THE ALTERNATIVE HYPOTHESIS, H SUB 1

Newbold et al (2013)

H0: µ = 3 vs H1: µ ≠ 3 

H0: µ ≤ 3 vs H1: µ > 3 

H0: µ ≥ 3 vs H1: µ < 3 

Examples:



HYPOTHESIS TESTING PROCESS

Newbold et al (2013)

H0: µ = 50 vs H1: µ ≠ 50 

Two-Tailed Hypothesis Test 

for a Population Mean



REASON FOR REJECTING H SUB 0

Newbold et al (2013)



LEVEL OF SIGNIFICANCE

Newbold et al (2013)



LEVEL OF SIGNIFICANCE AND 
THE REJECTION REGION (RR)

Newbold et al (2013)

Two-Tailed Hypothesis Test

Right-Tailed Hypothesis Test

Left-Tailed Hypothesis Test

RR = ] -∞; -z1-/2]U[z1-/2; +∞[ 

RR = ]-∞; z]

RR = [z1-; +∞[



ERRORS IN MAKING DECISIONS

Newbold et al (2013)



Type I error (α): Rejecting H₀ when H₀ is true.

Type II error (β): Failing to reject H₀ when H₀ is false.

Types of Errors

• The probability that the researcher sets a priori as the threshold to decide whether 
to reject H₀.

• Common significance levels: 1%, 5%, and 10%

Significance Level (0 ≤ α ≤ 1)

Condition Reject H0 Accept H0

H0 is false Correct decision

1-

Incorrect decision 

(Typo II error)



H0 is true Incorrect decision

(Type I error)



Correct decision

1-

Power of a Test

TYPES OF ERRORS AND 
SIGNIFICANCE LEVEL

Power of a Test:

The power of a test is the 

probability of correctly rejecting 

the null hypothesis (H₀) when it 

is false.

Mathematically, it is given by: 

Power = 1 − 𝛽
where β is the probability of a 

Type II error.



OUTCOMES AND PROBABILITIES

Newbold et al (2013)



TYPE I & II ERROR RELATIONSHIP

Newbold et al (2013)



FACTORS AFFECTING TYPE II 
ERROR

Newbold et al (2013)



POWER OF THE TEST

Newbold et al (2013)



• Left-Tailed Test: RR = ]-∞; z]

• Right-Tailed Test: RR = [z1-; +∞[

• Two-Tailed Test : RR = ] -∞; -z1-/2]U[z1-/2; +∞[ 

Rejection Region (RR) or Critical Region (CR): 
The set of values for which H0  is rejected

• Left-Tailed Test: P-value  = P(Z ≤ z0)

• Right-Tailed Test: P-value = P(Z ≥ z0)

• Two-Tailed Test: P-value = P(Z≤ -z0 or Z ≥ z0) = 2×P(Z ≥ |z0|)

P-value: is the probability of obtaining a test statistic 
at least as extreme as the one  observed, assuming 
that hull hypotesis H0 is true.

REJECTION REGION VS. P-VALUE

Note:

The P-value helps to determine whether the observed data are consistent with H₀:

• A small p-value (typically ≤ α) indicates strong evidence against H₀, so we reject H₀.

• A large p-value (> α) indicates weak evidence against H₀, so we fail to reject H₀.

Note:

If the value of the test statistic

falls within the rejection region, 

then we reject H0 

at the chosen significance level.

Note:

If the p-value is smaller than the

chosen significance level (α), then

we reject H0 at that significance

level.



REJECTION REGION VS. P-VALUE

✓ The decision of a statistical test can be made either using the 

rejection region or the p-value. It is sufficient to use just 

one of these methods because both approaches always lead 

to the same conclusion.

✓ The p-value does not depend on the chosen significance 

level (𝛼); it is a property of the observed data. In contrast, the 

rejection region depends on the significance level and 

may vary with different 𝛼 values.



LECTURE 13: TESTS OF THE 
MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 KNOWN)



HYPOTHESIS TESTS FOR THE 
MEAN

Newbold et al (2013)



TESTS OF THE MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 KNOWN)

, H0: µ ≤ µ0 OR H0: µ ≥ µ0

Note: For a hypothesis test on 

the population mean with known 

variance, one assumption is that 

the population distribution is 

normal (particularly important 

for small sample sizes).
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• A parametric hypothesis test for the parameter µ (the population mean) may be:

                                        

   Right-Tailed Test                     

                     

                                                   

   

where µ₀ is the specific numerical value considered in H₀ and H₁.

Two-Tailed Test

H0: µ ≤ µ0

H1: µ > µ0 

 
H0: µ ≥ µ0

H1: µ < µ0 

 

H0: µ = µ0 

H1: µ ≠ µ0  

RR = ]-∞; z]

RR = ] -∞; -z1-/2]U[z1-/2; +∞[ 

RR = [z1-; +∞[

Left-Tailed Test

TESTS OF THE MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 KNOWN)



TESTS OF THE MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 KNOWN): EXAMPLE

Newbold et al (2013)

Right-Tailed Hypothesis Test

H0: µ ≤ µ0

H1: µ > µ0 z1-



TESTS OF THE MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 KNOWN): EXAMPLE

Newbold et al (2013)

Decision Rule

z1-

z1-

+ z1-

H0: µ ≤ µ0

H1: µ > µ0 

Note:

The critical value can be obtained as the quantile of the standard 

normal distribution, corresponding to probability 1 − 𝛼 for a 

right-tailed test:  z1-.

Alternatively, for the original scale, it can be expressed as:

Critical value = µ0 + 𝑍1−𝛼 ⋅
𝜎

𝑛



P-VALUE

Newbold et al (2013)



TESTS OF THE MEAN OF A NORMAL 
DISTRIBUTION (𝝈𝟐 KNOWN): EXAMPLE

Newbold et al (2013)

Right-Tailed Hypothesis Test

P-value



RIGHT-TAILED Z TEST FOR MEAN 
SIGMA KNOWN: EXAMPLE 1

Newbold et al (2013)

Right-Tailed Hypothesis Test



FIND REJECTION REGION (RR): 
EXAMPLE 1

Newbold et al (2013)

Z0.90= 1.28

RR = [z1-; +∞[

RR = [1.28; +∞[



THE VALUE OF THE TEST 
STATISTIC: EXAMPLE 1

Newbold et al (2013)

Note:

The value of the test statistic is

calculated using the sample data:

𝑍 =
ത𝑋 − 𝜇0

𝜎/ 𝑛
where ത𝑋 is the sample mean, 𝑛 is

the sample size, and 𝜎 is the

known population standard 

deviation.



DECISION USING THE RR: 
EXAMPLE 1

Newbold et al (2013)

Decision Using the 

Rejection Region (RR)Note (Right-TailedTest):

If the value of the test

statistic does not fall in the

rejection region, this means

that the test statistic is less

than the critical value. In 

this case, we fail to reject

𝐻0.



DECISION USING P-VALUE: 
EXAMPLE 1

Newbold et al (2013)



ONE-TAIL TESTS

Newbold et al (2013)

Right-Tailed Hypothesis Test

Left-Tailed Hypothesis Test



RIGHT-TAILED TESTS

Newbold et al (2013)

z1-



LEFT-TAILED TESTS

Newbold et al (2013)

z1-



TWO-TAILED TESTS

Newbold et al (2013)

z1-/2z1-/2



HYPOTHESIS TESTING: EXAMPLE 2

Newbold et al (2013)

Two-Tailed Hypothesis Test



HYPOTHESIS TESTING: EXAMPLE 2

Newbold et al (2013)

RR = ] -∞; -z1-/2]U[z1-/2; +∞[ 

RR = ] -∞; -1.96]U[1.96; +∞[ 



HYPOTHESIS TESTING: EXAMPLE 2

Newbold et al (2013)

RR = ] -∞; -1.96]U[1.96; +∞[ 

Note: The test statistic 𝑍0 = −2.0
belongs to the rejection region, so we

reject 𝐻0 at a 5% significance level.



HYPOTHESIS TESTING: EXAMPLE 2

Newbold et al (2013)

Decision Using the 

Rejection Region (RR)



HYPOTHESIS TESTING: EXAMPLE 2

Newbold et al (2013)



HYPOTHESIS TESTING: EXAMPLE 2

Newbold et al (2013)

Note: Since the p-value is less than 𝛼 = 0.05, 

we reject 𝐻0 at the 5% significance level.

Decision Using the P-value



HOMEWORK OF LECTURE 13: 
QUESTIONS



EXERCISE 9.11

Newbold et al (2013)



EXERCISE 9.12

Newbold et al (2013)



THANKS!
Questions?


	Diapositivo 1:  Statistics II
	Diapositivo 2: Contact
	Diapositivo 3: Program
	Diapositivo 4: Lecture 11: Estimation Methods – MAXIMUM lIKELIHOOD METHOD 
	Diapositivo 5: MAXIMUM lIKELIHOOD METHOD (MLM)
	Diapositivo 6: MAXIMUM lIKELIHOOD METHOD (MLM)
	Diapositivo 7: Maximum Likelihood Method: exAmple 1
	Diapositivo 8: Maximum Likelihood Method: exAmple 1
	Diapositivo 9: Maximum Likelihood Method: exAmple 1
	Diapositivo 10: Maximum Likelihood Method: exAmple 2
	Diapositivo 11: Maximum Likelihood Method: exAmple 2
	Diapositivo 12: Maximum Likelihood Method: exAmple 2
	Diapositivo 14: Invariance Property of Maximum Likelihood Estimators
	Diapositivo 15: Invariance Property of Maximum Likelihood Estimators: Examples
	Diapositivo 16: Comparison between the Method of Moments and Maximum Likelihood estimators
	Diapositivo 17: Lecture 11 Homework: Questions and Solutions
	Diapositivo 18: Exercise 1 a), B) And C) 
	Diapositivo 19: Exercise 1 A):  Solution
	Diapositivo 20: Exercise 1 A):  Solution
	Diapositivo 21: Exercise 1 B):  Solution
	Diapositivo 22: Exercise 1 B):  Solution
	Diapositivo 23: Exercise 1 C):  Solution
	Diapositivo 24: Exercise 5
	Diapositivo 25: Exercise 5:  Solution
	Diapositivo 26: Exercise 5:  Solution
	Diapositivo 27: Exercise 5:  Solution
	Diapositivo 28: Exercise 5:  Solution
	Diapositivo 29: Exercise 1: MLM 
	Diapositivo 30: Exercise 1 - MLM:  Solution
	Diapositivo 31: Exercise 1 - MLM:  Solution
	Diapositivo 32: Exercise 1 - MLM:  Solution
	Diapositivo 33: Lecture 13: Hypothesis Tests
	Diapositivo 34: Construction of a Hypothesis Test
	Diapositivo 35: What is a Hypothesis Test?
	Diapositivo 36: What is a Hypothesis?
	Diapositivo 37: Concepts of Hypothesis Testing 
	Diapositivo 38: The Null Hypothesis, H Sub 0
	Diapositivo 39: The Null Hypothesis, H Sub 0
	Diapositivo 40: The Alternative Hypothesis, H Sub 1
	Diapositivo 41: Hypothesis Testing Process
	Diapositivo 42: Reason for Rejecting H Sub 0
	Diapositivo 43: Level of Significance
	Diapositivo 44: Level of Significance and the Rejection Region (RR)
	Diapositivo 45: Errors in Making Decisions
	Diapositivo 46: Types of Errors And Significance Level
	Diapositivo 47: Outcomes and Probabilities
	Diapositivo 49: Type I & II Error Relationship
	Diapositivo 51: Factors Affecting Type II Error
	Diapositivo 52: Power of the Test
	Diapositivo 53: Rejection Region vs. P-value
	Diapositivo 54: Rejection Region vs. P-value
	Diapositivo 55: Lecture 13: TESTS OF THE MEAN OF A NORMAL DISTRIBUTIOn (itálico negrito sigma elevado a negrito 2  Known)
	Diapositivo 56: Hypothesis Tests for the Mean
	Diapositivo 57: TESTS OF THE MEAN OF A NORMAL DISTRIBUTIOn (itálico negrito sigma elevado a negrito 2  Known)
	Diapositivo 58: Tests of the Mean of a Normal Distribution (itálico negrito sigma elevado a negrito 2  Known)
	Diapositivo 59: Tests of the Mean of a Normal Distribution (itálico negrito sigma elevado a negrito 2  Known): Example
	Diapositivo 60: Tests of the Mean of a Normal Distribution (itálico negrito sigma elevado a negrito 2  Known): Example
	Diapositivo 61: p-Value
	Diapositivo 62: Tests of the Mean of a Normal Distribution (itálico negrito sigma elevado a negrito 2  Known): Example
	Diapositivo 63: Right-Tailed Z Test for Mean Sigma Known: Example 1
	Diapositivo 64: Find Rejection Region (RR): Example 1
	Diapositivo 65: The value of the test statistic: Example 1
	Diapositivo 66: Decision using the RR: Example 1
	Diapositivo 67: Decision using p-Value: Example 1
	Diapositivo 68: One-Tail Tests
	Diapositivo 69: Right-Tailed Tests
	Diapositivo 70: Left-Tailed Tests
	Diapositivo 71: Two-Tailed Tests
	Diapositivo 72: Hypothesis Testing: Example 2
	Diapositivo 73: Hypothesis Testing: Example 2
	Diapositivo 74: Hypothesis Testing: Example 2
	Diapositivo 75: Hypothesis Testing: Example 2
	Diapositivo 76: Hypothesis Testing: Example 2
	Diapositivo 77: Hypothesis Testing: Example 2
	Diapositivo 78: Homework of Lecture 13: Questions
	Diapositivo 79: Exercise 9.11
	Diapositivo 86: Exercise 9.12
	Diapositivo 90: Thanks!

